INTRODUCTIOS
Is [3] , using probabilistic methods, Bismut generalized his heat kernel proof of Atiyah-Singer index theorem to give a local index theorem for a family of Dirac operators. The main purpose of the present work is to give a proof of Bismut's theorem based on the classical expansion of heat kernels. We employ the method, introduced in [5] , of expressing the heat kernel of the Laplacian of a vector bundle as an average over the holonomy group. In particular, as in [YJ, the .&:genus is naturally related to the Jacobian of the exponential map on a frame bundle. Let us summarize the content of this article. In [9] , Quillen introduces a Chern-Weil theory with superconnections which, in the finite dimensional case, is easily seen to produce differential form representatives for the Chern character of a difference bundle: let %II'= tifl'@#'-be a supervector bundle on a manifold 
If R is the curvature of D, then the curvature of R, is td,(R).
We prove (theorem 1.1.9) that, when u,=D, ['I is hermitian and has constant rank, the Sisole Bsrline and hlich& Vsrgne matrix e_rdr~R) has a limit when I--+ x and this limit is eeRo where R, is the curvature of the connection on Ker u given by the orthogonal projection of the connection component Dti'
Bismut's theorem on the local index of a family of Dirac operators is based on an infinite dimensional analogue of Quillen's construction. Let %" = Yt-+ @ if '-be an infinite dimensional vector bundle and I(= (~l,),~~ be a family of odd self-adjoint Fredholm operators, so that the index bundle Indu is uell defined as an element of K(B). Let D be a superconnection on Y/. with zero-exterior degree term equal to U, let R be the curvature of D. If the semigroup eerR can be defined, the differential form d(t)(str e-lR) should represent the Chern character of Ind u *, for every r > 0. This generalization of Mac-KeanSinger formula vvas
proven by Bismut for a family of Dirac operators. It is not difficult to see that our homotopy argument extends to this infinite dimensional situation, thus giving an easier and more transparent proof of the Bismut heat equation formula for a family.
The Atiyah-Singer index density [Z] is obtained at the other end of the homotopy. when t-0, by asymptotic calculations which can be handled by probabilistic methods or. as well. as hopefully shown. by classical methods of analysis.
The situation is the following: Let TC: &&-+B be a fibration where the fibers (hi,),,, are compact Riemannian manifolds of even dimension. Let Viii be the tangent bundle along the fibers. Let us assume that P'&? has a spin structure. Consider the bundle Y = 9" @Y-over A whose fiber .Y,, at a point ye,cJ is the space of vertical spinors. Let d be an auxiliary vector bundle over ,G with an hermitian connection. For 
each ,Y&, consider the Dirac operator D, acting on Y/-_: = lT.LJ,c, .Y'@S).
The family D=(Dx)leB can be considered as an odd endomorphism of the infinite dimensional bundle "tlr=(%';),,,.
The operator D, is elliptic. self-adjoint, so that the index bundle of the family D=(D,),,a is well defined. The corresponding element of K(B) was identified in topological terms by Atiyah-Singer [2] . In particular a cohomological formula was given for its Chern character. In [3] , Bismut constructs a remarkable superconnection on the infinite dimensional superbundle YY= Y/*-O@+ whose term of exterior degree 0 is the family of Dirac operators (DJYeS. We denote the Bismut superconnection by B and its curvature by 1. Thus, for se& I,EAcB@End(%L',). Then I is given by a formula analogous to Lichnerowicz formula for the square of a Dirac operator. In particular I, is a second order differential operator with principal symbol given by the Riemannian metric of Al,, so that the semigroup e-"x can be constructed and is given by a kernel (L.Ile-"rIL'2)EA~~OHom((YOF),,, (YOU),,)
By scaling the metric in the fibers &I,, Bismut obtains for each t>O a superconnection IB, which in fact coincides with the deformation Bt=t1'26,3B~6;L. The supertrace d;(str 2-l') is defined as a differential form on B by G;(str e-'I), = I b'(str (~le-"-l~)) dy.
It is a closed form, its cohomology class is independent of t, and it represents the Chern character of Ind D ([3] Theorem 2.6 or Theorem 1.2.4. below).
The main result of Bismut is to show that when t-0 the index density B,(str (~le-"=l~))d~ associated to this particular superconnection iB has a limit and to identify this limit as the highest term with respect to the coordinates of the fiber lVfc of _d? CCcJ) ch 8. In the present paper we obtain the existence and computation of the above limit by the following method: the heat kernel of an operator of the form A+ V, where A is the horizontal Laplacian of a vector bundle and Y is a potential, is written as an average, over the structure group, of a heat kernel on the frame bundle, considered itself as a Riemannian manifold. This gives integral formulas for the coefficients of the Minakshisundaram-Pleijel expansion of the heat kernel e-"'-'.' (Theorem 11.220) which are of interest in a variety of computations.
Recall that if G is a vector bundle with connection V on a compact Riemannian manifold P, the heat kernel of the associated Laplacian has an expansion dim P d(r. ~'1~ 3 (~le-'~~u') =(4nt)-2 e the first term is given by
where 0' is the Jacobian of the Riemannian exponential map and r is the geodesic parallel transport in 6 with respect to V. When P is a principal bundle over a manifold M. with structure group G, the Jacobian Bp(u. u exp A), for A in the Lie algebra of G, is given by an explicit formula involving the curvature of the fibration P +A!! (Proposition 11.1.3). Applying this averaging method to the operator I, on M,, it is easy to see on the integral formula for d,(str (~/e-'rXl~ )) that the limit when t -0 exists and can be computed using only the first term Ui,(u, 11 exp A) on the frame bundle. The appearance in the limit of the product &-(V_o) ch 8 is readily seen from the above factorization of U,. The elimination of the singular part in the asymptotic expansion of 6,(str (J.le-"' 1.~)) is reduced to the following simple lemma in functional calculus: let < be a nilpotent element in an algebra d (here an exterior algebra). P a polynomial in one variable, then,
e-qp(_x)d.y.
r-0
Our study is very much simplified by the description which we give of the Bismut superconnection (111.1.13): as in [3] we consider a connection for the fibration a: iii-+& ie., a family of horizontal tangent subspaces in T.cf. This defines an isomorphism Tli? z n*TB@ V,ii. We consider the vector bundle n*TB@ Vi@@n*T *B and define on it a connection 0 (111.1.4) which is a natural generalization of the Levi-Civita connection on a Riemannian manifold. In particular its curvature satisfies a symmetry relation (111. 1.8) which generalizes the symmetry Rijiir = Rklij of the Levi-Civita curvature. Then the Bismut superconnection 5 is constructed out of 0 as a generalization of the usual Dirac operator.
The formula for I = 5' follows in a way quite similar to the computation of the square of the Dirac operator. The symmetry relation above comes in to relate the dgenus to the Jacobian of the exponential map on the frame bundle.
A noteworthy difficulty arises from the fact that the holonomy group of v is not compact: it appears as a parabolic subgroup of the orthogonal group of an indefinite metric. This "defect" is built in the requirement that 5 be a superconnection. In fact, using the deformation of the Clifford multiplication into the exterior one, 5 appears as the limit when c--*0 of a Dirac operator D, on the Clifford bundle .YOrc*AT*BOtp over A. when _!? is given a Riemannian metric ge through the choice of a small metric on the base B. (This is how Bismut proves the formula for 5' ( [3] , theorem 3.5)). We use this deformation to write I as a limit of operators I(E) to which the averaging method can be applied.
I. SUPERCONSECTIOSS ASD THE CHERN CHARACTER
1. The _finite dimensional case 1.1. Let C,, C2 be Z2-graded associative algebras. We denote by C,@C2 the graded tensor product of C,, C2. ie., the tensor product C,OCI with the multiplicative law:
If cti (i = 1,2) is a graded module over Ci, then C,G Cz operates on W, @ I+'2 by:
These sign conventions on actions will hold throughout this article.
Let B be a manifold and YP" = @" @ 'II--be a finite dimensional super vector bundle over B. Denote by .&(B, '/1-) the space of sections of AT*B@%*. It has a Z x Z2-grading, thus a total Z,-grading. For iEZ, oeA(B, ^/I'), ofi1 will denote the term of exterior degree i of (3. Let .zJ(B, End Y/'/') = r(AT *B@End % '). It acts fiberwise on &(B, "#*). A superconnection V, as defined by Quillen, [9] , is an odd operator on .&(B, Y/.') such that As J'= 0, we have
where R is an even element of d(B, End E), which it is natural to call the curvature of the superconnection V. We will be mainly concerned by the term V ['I It is an odd endomorphism of 'II' which we .
denote by U.
It will be convenient in parts II and III to associate to a superconnection a differential form on a principal bundle. Thus, assume that %' is associated to a principal bundle P over B with structure group G and a representation p of G in a vector space W= W-0 W-. We suppose that p preserves this decomposition and we write p=p'@p-. Let g be the Lie algebra of G. For Xsg, we denote also by X the vertical vector field on P generated by the action of G on P and we denote by i(X) the contraction on .z'(P). Let (,-J(P)@ l+')bG be the The term @'I is the connection form on P for the "usual" connection Vti]. The term BtolE(do(P)@End-I+')' identifies with the odd endomorphism II of %".
1.8. Let us suppose that %-', %-have hermitian structures, and that u is hermitian so that u-is the adjoint of uf. Let, for t>O, R,=d,2Rcd;' be the curvature of the superconnection V,. Then the cohomology class of str(ewR') is independent of t, and represents the (nonnormalized) Chern character of the difference bundle [Yj '+I -[%'-I. In [9] , Quillen asks whether str(eeR') has a limit as a current on B. when t+x.. This does not seem to be true without further conditions, at least when x -+u, is not analytic. However, when u has constant rank there is a limit in the space of differential forms and it is what it should be: consider then the vector bundle Yfi> = Ker K = % '0' @ Yl-', where -r/'-,+ = Ker II', "II', = Ker I(-. Let PO: % -+ YS "o be the orthogonal projection of Yt/' on % 'O. Then V. = P,~Vt']~P, defines a (usual) connection on *So (preserving Y! 'z, Y/-i), which we call the projection of the connection V(il on "II';. We prove: We use the expansion formula:
1.12. eAtB=e"+ eSl.4Betl -S+idsr + . .
where A,, is the simplex 06sl<s2< . <s,<l in W".
Since b and c have no O-degree term, the sum (1.12) is actually finite. Let us write
We then have: Consider as new variables sl, s2 -s1 =x2, so that Our hypotheses are
In particular lim6, e(s~ro) exists and is esloc2', lima, efl -sl"a=e(l -s1)a'2' 
Then the fiber of the map s + s' is the product of intervals
The integral for X?,(t) is thus:
i" r so that by 1.14, we obtain the desired result for limd,X,,(r).
I -m
Let us prove that lim6,U,. The integrand is a product of (n+ 1) exponentials. As
Similarly for 6rY1,+ i(r), (or 6,Z2,, i(t)). we use the estimates 1.16 to show
The integrand is a product of (n + 1) exponentials and we obtain 116, Y2,+ i(t)11 <q-it-' :.
This finishes the proof of the Lemma 1.11.
It is clear that a lemma similar to 1.11 holds for a graded tensor product A&End It'. Let 
It is also clear that if a(x), b(x), c(x) depend smoothly on parameters, an estimate as 1.16 can be obtained uniformly, as well as similar bounds for derivatives. So we obtain the Theorem 1.9.
Superconnections and the Chern character of the indes bundle of a family of elliptic operators
We turn now to the situation where we have a family (_\iX)XGB of compact Riemannian manifolds, a family of superbundles .UX = Sq: 0.y; over ,tf, and where %" is the bundle over B with infinite dimensional fiber w: = T(M,, y",').
To be more precise, we consider a fibration rr: &i-B and a hermitian finite dimensional superbundle Y = Y + @Y-over .q. 
,(e-"'"I) has n limit (in the operator norm on the prehilbert space Y/ ,) wlrerz t--r x nhich is equal to emRo.
The idea of the proof is the same as in the finite dimensional case. We need an expansional formula similar to 1.12, and this follows from the existence and unicity of the heat kernel for I(.u). We refer to [I] (2) The index bundles of (u,),,B and (u:),,, have the same Chern character (in cohomology). (3) Letting I'(x) be the curvature of D', the differential forms str 6,(e-"'"') and str d,(e-"'@') are equal in cohomology.
Therefore the following generalization to families of Mac-Kean-Singer heat equation
Theorem, due to Bismut, can be more naturally deduced from 2.4. THEOREM 1.5 [3] . Let 
II. ASY>lPTOTIC EXPASSION FOR LAPLACIANS OS VECTOR BUNDLES
In this section, G is a compact Lie group with Lie algebra 3. ,Lf is a Riemannian manifold and P:.,Cf is a principal bundle over M with structure group G and connexion (11. We choose on y a G-invariant positive inner product. For c~f'. the tangent space TUP is the direct sum of the horizontal space T:P identified with T,c.U and the vertical space identified with 9. This turns P into a Riemannian manifold, (the metric depends on a).
The Jacobian of the e.uponentiai map on a principal bundle
For u and c in P sufficiently close, we denote by B'(u, c): T,P-+ T,.P the derivative of the map exp, at the point exp; r(c). The object of this paragraph is the computation of B'(u, r)
when II and r=ug are in the same fiber.
1.1. Let V be a Euclidean vector space with orrhonormal basis ii/i. We consider on A'V the inner product with orthonormal basis tii A $j. We identify A'v with SO(V) via the map r:
A'~-+so(V) given by (s(w).$~,$~) = 2(0,rc/~ A tij>. We identify T/ and b'*.
We denote by R the curvature of the connection CL). It is a horizontal g-valued '-form on P. Thus for UEP, we consider R, as an element of A2(TLP)*@g. For aq, the contraction (ld@i (a) 
In particular, for UEP and aeg, we have exp,(a) = u exp a and the fibers of P:*nf are totally geodesic. Fix s&f and let I/= T,M. For UEP such that n(u)=.'c, identify TiP with Vand T,,P with V@g. Let aEy. Then the derivative Bp(u, II exp a) is identified with a linear map from V@g to itself which we denote by J(u, a).
PROPOSITION 1.3. J(u, a) preserces V and y and
(1)
Proof: (1) is well-known. For (2) we need to compute did& exp,(n + c.x) for SEV. In- and we obtain (2).
Asymptotic e.upansion for Laplacians on associated vector bundles
Let % -t-+:M be a vector bundle. Consider a second order elliptic operator H on I-( %-) with principal symbol j/</l'ld. Then there exists a connection on %^ such that H = A'-+ F where F is a potential. When the holonomy group G of the connection is compact, we give an integral formula for the asymptotic expansion of the heat kernel of H on the diagonal. In the applications, %" will be of the form 111" 08, with %b< = %.'@ %Y-a supervector bundle and G an auxiliary bundle. We begin by the case where F =O. Let A' be the scalar Laplacian of P acting on Cz(P). Let Ej be an orthonormal basis of y and let C=cp(Ej)' be the Casimir operator (thus C is scalar when W is irreducible). It can also be considered as an End I+'-valued function (u, i~')++(Ule-'*.* 1~') on P x P which satisfies (rdgle -r*'~lr~'g') =~(g)-i(i~ie-'~'" lu')p(g').
From 2.' we have -3
Thus:
This simple observation will be the starting point in the computation of the asymptotic of (.Y;eMrJ'" is). H=AJ@jx+p(F).
The main result of this part will be an integral formula for the asymptotic expansion of the heat kernel of H.
2.6. We introduce some notations. We have %'(g)=@@y, hence F = F';F', where FzE(End6,) and F,!@EndG,)@g, for EP and rr(n)=~. Thus for aeg, the contraction (F,'. n)EEnd 8, is well defined. has an asymptotic expansion near t =0 in powers of t'!' which depends only on the Taylor series of q5 at 0. We denote the corresponding formal power series in t' ' by 2.8. for jy(nda).
2.10. As in 2.3, we view the kernel of eerH as a section (u, ~~')+(Ule-'Hj~O) of the bundle n*G@Tc*F*@End II; over P x P. In the application, p will be a super-representation and we will study the supertrace of (llle-fHjzl). Then as str($j(a)@p(exp a))=tr dj(a) str p(exp a), the integral above is an integral with respect to the measure str(p(expa))da. This will eliminate poles in r. Furthermore the above factorization of 4o(a) will lead to the factorization of the index density as the product of the _&class and the Chern character of &.
Proqf: The first step is to write H as the restriction to lY(nf, G@W')=(T(P, ~i*tc)a WJG
of a carefully chosen second-order elliptic operator HP on P. We will thus obtain an integral formula similar to 2.3. Then we will apply the well-known asymptotic expansion of the heat kernel (LIJe-fHP 1~'). In order to define HP we associate to the potential F a connection V' on z*G as follows: First pull back VG to a connection V6 on n*b. Then define V' b> 2.11.
(V'd$)(ll) = (Vf 4)( u) l if <ET~P, (Y,#)(~O = (Y@)(4 +$F,'> a) 4~)
for aGg.
Let A' be the Laplacian of the bundle n*B defined by the Riemannian structure of P and the connection V'. 
Proof
The function t+r(t)=r(u, u exp ta) is the solution of the differential equation In order to complete the proof of the Theorem 2.11. we observe that we may us2 exponential coordinates in 2.14 to compute the asymptotics of (uje-'HjzO. Let C$ be a cut-off function on g near 0. Since the heat kernel li(t, U, u') is rapidly decreasing outside the diagonal. we have. for all ,Y, End(Y/'@d)).
Consider the operator (2.19) H=il+/),(F) on T(,CJ, Yl'@6).
Indeed, this operator is of the type 2.5: We can enlarge PO in P = PO x Gi, G which is now a principal bundle Lvith structure group G.
Then there exists a unique (ordinary) connection form o,~(.d'(P)@g)~
such that L:I~ P, =w. Similarly, \ve can define uniquely Fisl-(P. ;r"End G@~J)~ such that F:!P,=F' on P,. Let F, = Fi +F". Then H=H(P, wl, pi. 6. f',). Remark that for UEP~ above X, if Eve consider the curvature R=dw+f[w w] of the "small" connexion, then the form R,(<, <'I on TP, depends only on ths projection of < and 5' on 7,.1f = r', thus defines an element
R,E,\'V*@~.
We fix a G-invariant inner product on ~1, and define (R,, a), (F'. al. We can restate theorem 2.1 1 in terms of the "small" data w and FL. The following proposition is the crucial technical tool leading to the elimination of the singular part of the heat kernel index density. For gEGL( V) we still denote by g the automorphism of the exterior algebra extending g.
LESIM 3.2. Let q5 be an d-ralued C"-jimction on R" slowly increasing at injnitl (as veil as all its dericatices

PROPOSITION 3.9. exp,(u) = q(u) exp,,(g(u).u) = q(u) g(u).exp*(u).
Proof
It is enough to prove this in the case n=2 and a=8$, A rc/?, where it is easily verified. Remark. Consider V with the given quadratic form Q. Consider, for t&, the form tQ. Denote the corresponding Clifford algebra structure on AV by C,. Then we have expc,(a)=q (ta) exp,(g(ta).a), and q(O)= 1, g(O)= Id. This relation is a refinement of the fact that the product on C, tends to the exterior product, when t tends to zero. Proposition 3.11 shows that in the limit, we can replace Clifford variables by Grassmann variables. A similar approximation argument was used by Getzfer to give a simple proof of Atiyah-Singer theorem for a single operator [7] . 1.1. We consider a fibration ,ii--+B where the typical fiber A$ is a compact C"-manifold.
We denote by V.a (V as vertical) the tangent bundle along the fibers. We assume that the bundle I'!q is oriented and is given a Euclidean metric, which we denote by go. For .K&, denote the fiber X-'(X) by ,bl,. We will assume that a spin structure exists and has been chosen on VA?. Put n,=dim M, let I', be Iw"O with its canonical metric, basis, orientation.
Denote by PO the principal bundle of oriented orthonormal frames of V.G and denote by PO the principal bundle with structure group Spin( I'o) which defines the spin structure. We assume that n,=21, and consider the space of spinors So = Sb OS;. Let 9, =(Pb x S,)/Spin( I",) be the associated bundle of spinors along the fibers. For .YEB, we denote by V" the Levi-Civita connection on T,tl, and on 9'oIIz1,=Y'X. We suppose given an auxiliary complex vector bundle d over A4 with hermitian metric and hermitian connection, and we also denote by V" the tensor product connection on (Y,@&)lM,. These data define a smooth family D=(DJXiB of Dirac operators, where D, acts on %I== I-(&I,, Yo@b). In order to compute the Chern character of the bundle Ind D, Bismut constructed a particular superconnection 1B with zero exterior degree term equal to D. The construction of the Bismut superconnection B requires two more choices: First choose a connection for the fibration rr: ,q--+B that is a smooth family of horizontal tangent spaces T$f, y~.cf such that r,,,cf = v@@ Tt.0. We will identify the horizontal tangent bundle ThlGf to the pull back x*TB.
Secondly, we fix a torsion-free connection VB on the basis B (Later, we will also assume that VB is trace-free). We will however see that the superconnection B depends on the choice of T":o but not on the connection VB. Consider now the vector bundle .p = rr*(AT*B)@Y, over ,G and the bundle of Clifford algebras C( 'I') with fiber C(y-),= C(+"^,, g,) for y&. Then, similarly, 9, is a module for C(y J, ie., .p is a Clifford module for C(?'). We also denote by ; the action of y^ on .p.
1.10. The connection a on 3' gives rise naturally to a connection on 9. We describe this: let 50( V, Q) be the Lie algebra of infinitesimally orthogonal transformations of (V, Q). Let h be the subalgebra which preserves VT. Then h is the set of matrices:
where ado, bEgI( zA2VT~Hom(V,, VT), [wEHom(V,, V,)] and * denotes the transposition.
We will also consider the subalgebra ho ch of elements A such that b=O.
As in 11. We will consider in particular the restriction of the representation 6 to
Spin( V,) x GL( V,) c Spin( V, Q).
Denote by P, the bundle of frames of TB and consider the principal bundle The covariant differentiation a on I. gives rise (1.1.6) to an h-valued form:
1.11.
kcl'(P')@).
Consider ;($)ELC/l(P')OEnd s.
This is a connection form for 9, thus defines a covariant differentiation on 9. still denoted by 9. It satisfies &B) The even (respectively odd) part of I-(9@&) is F(pL?+O) (resp. r (.p-@8) ). where -Xi. 1 <i 6 II L + tzo is a basis of P', @ V,. (Thus (Xi), is a basis of T,,A?, for UEP; and y=q(u), and X7 is a basis of P':@ C',). We have:
I=A+$(F).
However, as said before, we cannot apply the results of (11.2) to this operator, as the holonomy group of the connection j(a) is not compact. We now introduce a deformation I(E) of I. for _fE C'y, so that lim P,(X) = P(.Y) for XELU.
Coniidlr the form p,(&_cl'( PlJ@ End( A c'f @I S,).
Then it is easy to see that p,(g) is a connexion form (I.l.j), thus defines a connection g, on .pj&f,. Let 6, be the Laplacian on (.p@G)j.LI, associated to the tensor product connexion.
Consider I(F) = ii, + p,(F).
Then I(E) is again a 2"-order differential operator on F(lM,X. 9) with principal symbol the metric of ,Vf,. Recall that we have asymptotic expansions:
(yle-r'Jy) -t -""~2k$-o~k~k(_Y). 
E-O
We will see that, for every s#O, the asymptotic expansion of ci,,,(str'(!.le-"("jy).l) has no singular part. Put 2.10.
W(E, J)=lim b 1.1 (Str"(J~ie-"(E) (YYL).
r-0
Thus, the asymptotic expansion of 6,,,(str"(~'ie-"j~)) has no singular part, and lim 6,,,(str'(y/e-"ly)) = lim W(E, x).
1-o e-o
It is easy to compute CI)(E, y), as we can apply to the operator I(E) the results of (11. e -F i tjtr ~~ia)~~,,(str"(p,(expa))~l)tfa L 0 ,=o
We have str'p,(exp a).1 =7'"i-L0 T"(expc~I) (11.3.13). Thus by 3.13. the asymptotic expansion of a,,, ((str"(~rle-'""'~u))~l) has no singular part and we obtain: where z& is defined, as in [9] , by omitting the factor 1,%x This finishes the proof of Theorem 7.3.
